It is shown how to ascertain the values of a complete set of mutually complementary observables of a prime power degree of freedom by generalizing the solution in prime dimensions given by Englert and Aharonov [Phys. Lett. A284, 1 -5 (2001)].
Introduction
The King's Problem [1] is the following: A physicist is trapped on an island ruled by a mean king who promises to set her free if she can give him the answer to the following puzzle. The physicist is asked to prepare a d-state quantum system in any state of her choosing and give it to the king, who measures one of several sets of mutually unbiased observables (this term will be defined below) on it. Following this, the physicist is allowed to make a control measurement on the system, as well as any other systems it may have been coupled to in the preparation phase. The king then reveals which set of observables he measured and the physicist is required to predict correctly all the eigenvalues he found. A special case of this problem was first introduced and solved in [2] for the case of d = 2: there the king is given a spin-1/2 particle (or qubit) and allowed to measure one of the spin components σ x , σ y , or σ z on it. Some variants of this basic problem were discussed in [3 -5] . Then a solution to the problem for d = 3 was presented in [6] , following which a solution for arbitraryan prime d was presented in [1] . The purpose of the present paper is to generalize the solution in [1] to arbitrary prime power dimensions.
Let A and B be two observables of a d-state quantum system with orthonormal eigenstates {|α i } and {|β i }, respectively. These observables (and their eigenstates) are said to be mutually unbiased [7] if the inner products of all pairs of eigenstates across the two bases have the same magnitude, i. e. if | β i |α j | = 1/ √ d for all i and j. The observables are also sometimes spoken of as being "mutually complementary" or "maximally noncommutative" [8] because, given any eigenstate of one, 0932-0784 / 03 / 0200-0085 $ 06.00 c 2003 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com one is completely uncertain about the eigenvalue one will get upon a measurement of the other. The notion of mutual unbiasedness extends naturally from two to a larger number of bases: any set of bases is said to be mutually unbiased if all pairs of bases within them are mutually unbiased. It can be shown [7] that a ddimensional Hilbert space has a maximum of d + 1 mutually unbiased bases. An explicit construction of a maximal set of mutually unbiased bases in prime dimensions was given by Ivanovic [9] , following which Wootters and Fields [7] showed how to extend the construction to prime power dimensions. Several recent papers [10 -12] have revisited and clarified this construction from new points of view.
A simple example of a set of mutually unbiased observables (and bases) is afforded by a qubit: the spin components σ x , σ y , and σ z along three orthogonal directions constitute a set of mutually unbiased observables, and their orthonormal eigenstates a set of mutually unbiased bases. An important additional point can be made: the observables σ x , σ y , and σ z also constitute a complete and minimal set of observables for a qubit. They constitute a complete set because a knowledge of their expectation values in an arbitrary state of the qubit, pure or mixed, serves to determine that state uniquely. And they constitute a minimal set because leaving even one of them out would make the state identification impossible.
The above state of affairs for a qubit leads one to ask whether a similar situation obtains for a d-state system. The density matrix of a d-state system, being a d × d hermitian matrix with unit trace, requires d 2 − 1 independent parameters to specify it completely. Alternatively, it requires d + 1 non-degenerate observables to specify it because each observable determines d − 1 parameters (through the d probabilities of its possible outcomes, with unit sum). One can ask whether it is possible to choose these d + 1 observables so that they are all mutually unbiased with respect to each other. That this can be done was demonstrated in [1] for prime d and in [10] for prime power d. Following [10] , one can construct d + 1 sets of mutually unbiased observables, each consisting of d − 1 mutually commuting observables, such that the simultaneous eigenstates of each set give rise to a system of d + 1 mutually unbiased bases, the maximum number possible in this space.
We are now in a position to state more clearly the problem solved in this paper. The king is given a dstate system (with d a prime power) and allowed to measure any one of d + 1 sets of mutually unbiased observables on it. Once he has picked a set to measure, the king measures the d − 1 commuting observables in that set and notes the eigenvalues he gets. He then tells the physicist which set he picked, and she is required to tell him all the eigenvalues he found. It turns out that not all the d − 1 observables in each set are independent, but that they can all be generated as products of powers of a smaller subset within them. It is only this subset of observables that the king need measure, and not the entire set itself. The subset is arbitrary to some extent, but always provides a unique set of eigenvalue labels for the basis arising from that set.
In addition to its importance for the King's Problem, to be made clearer in the later sections, the construction of mutually unbiased observables/bases has other important applications: it provides the most efficient method of determining an unknown quantum state from a finite number of measurements [7] , it is a crucial ingredient in certain protocols for quantum key distribution [13] , and it is closely related to the notion of mutually complementary propositions that arises in the information-theoretic approach to quantum mechanics [14] .
The solution to the King's Problem given by Englert and Aharonov [1] fails for composite dimensions at two points: firstly, it fails to yield a set of mutually unbiased observables/bases and, secondly, it fails (though only narrowly) to yield the observable the physicist needs to measure in order to learn the king's results. We get around the first obstacle by using the alternative construction for mutually unbiased bases given in [10] , and we overcome the second obstacle by replacing Eqn. (33) of [1] by a slightly modified equation Table 1 . Mutually unbiased bases for a system of two qubits. Each row shows the four simultaneous eigenstates of the three commuting observables to the left, arranged according to the eigenvalue signatures ++, +-, -+ and --with respect to the first two of these observables. The eigenstates in any two rows are mutually unbiased in the sense that the squared modulus of the inner product between any two of them (one from each row) is the same and equal to 1 /4. The numbers abcd after each ket are used as a shorthand for the (unnormalized) state a|00 + b|01 + c|10 + d|11 . Note: i = √ −1 and a bar over a number indicates its negative.
involving elements of the prime power Galois field GF(p ). Rather than describe our solution in the most general setting, we will construct it explicitly in dimensions 2 2 = 4, 2 3 = 8, and 3 2 = 9. Even these simple cases present several features of interest, and they also illustrate how to obtain the solution in the more general cases.
Solution in Dimension d = 2 2 = 4
The four-state system given to the king is conveniently taken to be a pair of qubits. What are the sets of mutually unbiased observables from which he is allowed to pick one to measure? One choice consists of the five sets of three observables shown in the first column of Table 1 , where X, Y , Z, and 1 stand for the Pauli and identity operators of a qubit and the product notation XY etc. is used to denote tensor products of observables for the two qubits. The simultaneous eigenstates of each set of commuting observables yield the five mutually unbiased bases shown in the table. Note that the king need measure only two out of the three observables in any set, since the third (and hence its eigenvalue) is always the product, upto a sign, of the other two. The following conventions have been used in Table 1 (and will recur later in Tables 3 and 5 ): The eigenstates of the observables in the first row yield the standard basis; the eigenstates in any row are ordered according to their eigenvalue signatures with respect to a generating set of observables (here the first two) in that row; and the phases of the states in all rows after the first have been chosen so that their overlap with the standard basis state |00 is real positive.
What is the state the physicist should give to the king so that he can carry out his measurements? The physicist needs to use a system of four qubits, of which two are "object" qubits that she gives to the king and the other two are "ancilla" qubits that she retains in her possession. The state the physicist prepares is most conveniently expressed in terms of maximal sets of mutually unbiased bases in the object and ancilla spaces (here "maximal" refers to the requirement that one has d + 1 = 5 bases, and no less). The bases in the object space are just the ones shown in Table 1 , with |m k (m = 0, 1,...,4) denoting the k-th state of the m-th basis. The bases in the ancilla space can be chosen to be identical to the object bases, but it turns out to be more convenient to choose them so that 0 j |m k = m k |0 j , where the overbars denote ancilla states. The foregoing condition can be met by taking |0 j = |0 j and choosing |m k to be the complex conjugate of |m k when both are expressed in the standard basis. An inspection of Table 1 shows that |m j = |m j for m = 0, 1 but that |m j = |m 5− j for m = 2, 3, 4.
The state the physicist must prepare can now be specified. It is
The first line shows that this state can be expressed in five alternative ways in terms of the different sets of unbiased bases. The second line shows this state in terms of the standard basis states of the individual qubits, with the first two positions in each ket being for the object qubits and the last two for the ancilla qubits. The last line shows that this state is the tensor product of two Bell states, with one member of each Bell pair (namely, qubits 1 and 2) going to the king and the others (namely, qubits 3 and 4) being retained by the physicist.
The first line of (1) shows that when the king carries out the measurements corresponding to basis m on his qubits and obtains the result |m k , the state of the entire system collapses into |m k |m k ≡ |m kmk . The physicist can therefore predict the king's result if she succeeds in finding an orthonormal and complete set of states in the object-ancilla space with the property that each such state has a nonvanishing overlap with only a single "doubled" state |m kmk from each basis m. For she can then measure an observable having the said states as non-degenerate eigenstates and tell, from the result she gets, what eigenvalues the king must have found for the observables he did actually measure.
The construction of the needed object-ancilla states can be accomplished in three steps. The first step consists of introducing an orthonormal basis in the objectancilla space consisting of |Ψ 0 and the 15 other states
where 
where the result has again been quoted for arbitrary d and can be specialized to the present case by taking d = 4. The third and final step consists of identifying d 2 orthonormal states of the form |[k 0 k 1 ... k d ] that can serve as the non-degenerate eigenstates of the observable the physicist must measure in order to learn the king's results. By measuring this observable and noting the eigenstate she gets, the physicist can tell what eigenvalues must have been found if each of the observable sets had been measured. Of course, the physicist's predictions for the sets that were not measured are completely vacuuous, but her prediction for the one set that was measured turns out to be perfectly on the mark. Now, it can be shown [1] that the condition for two states of the form
to be orthogonal is that k m = k m for exactly one value of m. Thus the physicist is faced with the following arithmetical task in clinching the solution to the king's problem: she must use the numbers from 1 to d to form d 2 ordered sets of (d + 1) numbers each, with repetitions of numbers within a set allowed, in such a way that any two sets have exactly one matching entry in the same position of both. The solution to this task for prime d was given by Englert and Aharonov [1] . We show how a slight modification of their procedure leads to a solution for prime power d as well.
Let d = p n , where p is a prime and n an integer. Our strategy for constructing the state labels in
where, however, all numbers on the right are to be reinterpreted as elements of the Galois field GF(p) and combined in the manner appropriate to such elements before the result is translated back into an integer in the range 0 to d − 1 (note: the number 0 occuring in the generated state labels should finally be replaced by d, in order to conform to the notation for state labels used earlier). This procedure differs from that of Englert and Aharonov [1] only in using GF(p ), rather than GF(p ), to do the arithmetic on the right side of (4). The following paragraph spells out the above recipe in greater detail by explaining what the Galois field GF(p ) is and how one works with it. The reason this recipe works is to be found in the fact that the elements of GF(p ) constitute a field [15] . We give only the briefest account of Galois field theory, stressing just the few ideas needed to perform the calculations in this paper. Highly compressed but useful accounts of Galois fields can be found in [7] and [16] , whereas a truly encyclopedic treatment can be found in [17] . The Galois field GF(p), with p a prime, is the finite field formed by the numbers 0, 1, 2,..., p − 1 under addition and multiplication modulo p. The "extension" field GF(p ) is obtained from GF(p) by adjoining to it the root of an irreducible n-th degree polynomial with coefficients in GF(p). The adjective "irreducible" refers to the fact that this polynomial cannot be factored in GF(p), i. e. that it does not vanish when the unknown in it is set equal to any of the elements of GF(p). Although various choices of the irreducible polynomial are possible, they all give rise to essentially the same field GF(p ). Let us denote by α the element adjoined to GF(p) to obtain GF(p ). Then it turns out that the quantities 1, α, α 2 ,... ,α n−1 serve as a basis for a vector field over GF(p) whose p elements are just the elements of the field GF(p ). The last remark shows how to set up a correspondence between the numbers 0, 1, 2,...,d − 1 and the elements Arithmetic in the field GF(p ) is greatly facilitated by the fact that every non-zero element can be expressed as a power of the adjoined element α, which is therefore often referred to as a primitive element. Multiplication of elements then reduces to the addition of exponents. Linear combinations of elements can also be replaced by a single element by using the fact that the particular linear combination occuring in the irreducible polynomial vanishes. One can use both of these devices to carry out the arithmetic on the right side of (4) and express the result as a single element of GF(p ), which can then be converted back into an integer in the range 0 to d − 1.
We illustrate the above remarks by showing how to solve the king's problem in dimension d = 2 2 . A suitable second-degree irreducible polynomial over GF (2) that can be used to generate GF(2 2 ) is α 2 + α + 1 (note that neither 0 nor 1 is a root of this polynomial). The numbers 0, 1, 2 and 3 correspond to the GF(2 2 ) elements 0 · α + 0 = 0, 0 · α + 1 = 1, 1 · α + 0 = α, and 1·α + 1 = α + 1. From the fact that α 2 + α + 1 = 0 and that all polynomial coefficients are defined modulo 2, one can reexpress the numbers 1, 2 and 3 as the powers α 3 , α and α 2 of the primitive element α. Using these facts, one can readily work out the addition and multiplication tables for the elements of GF (2 2 ) and obtain the results shown in Table 2 The above trick can be regarded as a generalization of Mermin's successful trick [5] in which the king mea-sures any one of the 15 nontrivial two-qubit observables (made up of the identity and Pauli operators of the two qubits) and challenges the physicist to predict the eigenvalue hr finds; our generalization consists of allowing the king to measure an entire triad of commuting observables (rather than just a single observable), but limits him to triads that are mutually unbiased with respect to each other (of which there are five at most). A still more ambitious trick would be for the king to measure any one of the 15 triads of commuting observables formed by the two-qubit observales and for the physicist to predict the eigenvalues he finds. However this overly ambitious trick was shown to be impossible by Mermin [5] . The present trick can be regarded as a generalization of Mermin's successful trick [5] in which the king measures any one of the 15 nontrivial two-qubit observables and challenges the physicist to predict the eigenvalue he finds; our generalization consists of allowing the king to measure an entire triad of commuting observables (rather than just one), but limiting him to just five specific triads instead of allowing him to range freely over all fifteen.
Solution in Dimension d = 2 3 = 8
The king is now given a system of three qubits on which to make his measurements. The sets of commuting observables he is allowed to measure are the ones shown to the left of each row of Table 3 [18] . The eigenstates of each set of observables are shown to its right, and the nine orthonormal sets of eigenstates so obtained constitute a set of nine mutually unbiased bases. The notation and conventions for these eigenstates are obvious extensions of those used in Table 1 .
In addition to the three "object" qubits given to the king, the physicist retains three "ancilla" qubits in her possession. As before, we denote by |m k (m = 0, 1,...,8 andk = 1, 2,...,8) the k-th state of the m-th unbiased basis in the object space, and by |m k the corresponding basis states in the ancilla space. The object states |m k are just the ones shown in Table 3 , whereas the ancilla states |m k are chosen to be related to the object states by the condition 0 j |m k = m k |0 j , which is satisfied by taking |0 j = |0 j and choosing |m k to be the complex conjugate of |m k in the standard basis. Inspection of Table 3 shows that the m-th ancilla basis can always be obtained by suitably permuting states within the m-th object basis.
The state of the object and ancilla qubits that the physicist needs to prepare at the start of this trick is
|m k |m k , m = 0, 1, 2, 3, 4, 5, 6, 7 or 8,
where the first line shows that this state can be expressed in nine alternative ways in terms of the different bases, while the second shows that it is just the tensor product of three Bell states, with one member of each Bell pair going to the king and the other being retained by the physicist (the subscripts 1,..,6 in the second line indicate the relative positions of these qubits in the kets of the first line, when the latter are expanded out in terms of the standard bases of the individual qubits).
The subsequent construction parallels that in Sect. 2 and culminates in the task of identifying the 64 orthonormal states |k 0 , k 1 ...k 8 that solve the king's problem. This task can be solved using (4) in conjunction with the elements of the Galois field GF(2 3 ) obtained, for example, by adjoining the root of the irreducible polynomial α 3 + α + 1 to GF (2) . The solutions for the state labels obtained in this way are shown in Table 4 . The remarks made earlier in connection with the d = 4 solution also apply here: the solution is unique upto a permutation and rearrangement of the state labels, and the king must be restricted to a set of mutually unbiased observables if the trick is to be carried out successfully.
Solution in Dimension d = 3 2 = 9
This case displays some interesting differences from the earlier two cases because it involves qutrits (i. e. three-state systems) rather than qubits. We begin by introducing the observables for a qutrit [1, 10] that play the role of the Pauli operators for a qubit. Denote the standard basis states of a qutrit by |0 , |1 and |2 . Then the operators Z and X that generalize the phase-and bit-flip operations on a qubit are defined via their action on the standard basis states as
Z11,1Z1,11Z |0 1 = 10000000 |0 2 = 01000000 |0 3 = 00100000 |0 4 = 00010000 |0 5 = 00001000 |0 6 = 00000100 where ω = exp(2πi/3) is a cube root of unity. In other words, Z has the standard basis states for its eigenstates while X cyclically permutes these states among themselves. The observables Z and X satisfy the Weyl commutation rule ZX = ωXZ, which is easily seen to be a consequence of (6) . In addition to Z and X, we will make use of the two further observables Y ≡ XZ and W = XZ 2 in the treatment below [19] . In terms of the above observables, one can construct, using the method of [10] , the ten sets of mutually unbiased observables for a pair of qutrits shown in the first column of Table 5 (each set actually consists of eight commuting observables, but we have just shown a generating pair from which all the others can be constructed as products of powers). The nine simultaneous eigenstates of each set of commuting observables, shown in the second column of Table 5, yield ten mutually unbiased bases for a system of two qutrits. To perform the present trick, the physicist needs to give two "object" qutrits to the king and keep two "ancilla" qutrits in her possession. The observables the king is allowed to measure on his qutrits are the ones shown in the first column of Table 5 . Again we introduce mutually unbiased bases |m k and |m k in the object and ancilla spaces, choosing the object bases as in Table 5 and taking each ancilla basis state |m k to be the complex conjugate of |m k in the standard basis. Inspection of Table 5 shows that the ancilla bases are simply shuffled and renamed object bases.
The state prepared by the physicist at the start of this trick is similar to that in the first line of (1) or (5), except for the new bases involved. This state can also be described as the tensor product of two two-qutrit Bell states, with one qutrit of each pair going to the king and the other being retained by the physicist. The rest of the trick proceeds as before and culminates with the physicist having to construct 81 orthonormal objectancilla states of the form |[k 0 k 1 ...k 9 ] . This problem can be solved by using (4) in conjunction with the Galois field GF(3 2 ) obtained by extending GF(3) with the aid of the irreducible polynomial α 2 + α + 2. The results for the desired state labels are shown in Table 6 .
Concluding Remarks
We have shown how to extend the solution to the king's problem in prime dimensions, given in [1] , to prime power dimensions. Our extension makes crucial use of the construction of mutually unbiased bases given in [10] , but otherwise modifies the solution in [1] only minimally to accommodate this new case. The
Z1,1Z
|0 1 = 100000000 |0 2 = 010000000 |0 3 = 001000000 |0 4 = 000100000 |0 5 = 000010000 |0 6 = 000001000 |0 7 = 000000100 |0 8 = 000000010 construction in [10] gives a simple answer to one of the questions faced in this work, namely, "What observables should the king be allowed to measure?" However the answer to the question "What observable should the physicist measure in order to learn the king's results?" is not quite as neat. The EnglertAharonov solution yields the unitary transformation connecting the standard basis to the eigenstates the physicist has to measure, but the task of realizing this transformation through an efficient sequence of oneand two-qubit (or qudit) gates must still be faced before this puzzle can reach the state of experimental realization. However it is encouraging to note that the simplest version of the King's Problem, involving retrodiction of the state of a spin-1/2 particle [2] , has recently been realized in a quantum-optical experiment [20] . The problem of constructing a maximal set of mutually unbiased bases in composite dimensions that are not prime powers, and the solution to the king's problem in these same dimensions, still remain open.
